We address the question of what is the smallest spot size that hard x rays can be focused to using refractive optics. A thick refractive x-ray lens is considered, whose aperture is gradually (adiabatically) adapted to the size of the beam as it converges to the focus. These adiabatically focusing lenses are shown to have a relatively large numerical aperture, focusing hard x rays down to a lateral size of 2 nm (FWHM), well below the theoretical limit for focusing with waveguides [C. Bergemann et al., Phys. Rev. Lett. 91, 204801 (2003)].
Many experimental techniques at synchrotron radiation sources, such as x-ray scanning microscopy [1] , x-ray photon and fluorescence correlation spectroscopy [2] , and coherent scattering techniques [3] for the study of nanoparticles, require small and intensive hard x-ray microbeams. Great instrumental advances have been made in the last few years towards generating ever smaller microbeams, in particular, at synchrotron radiation sources of the third generation, such as the Advanced Photon Source in Argonne, Illinois. Today, several optics are available that can generate x-ray beams with a lateral size in the range of 100 nm and below [4, 5] . The current limitations to focusing to even smaller focal sizes are of a technological nature and may be overcome in the future. The question arises, however, whether there is a physical limit to efficient focusing of hard x rays due to their weak interaction with matter and what, if any, this limit is [6] . Bergemann et al. have determined this limit for waveguides [7] . They find that the effective numerical aperture of waveguides is limited by c 2 p , the critical angle of total external reflection for a material with refractive index n 1 ÿ i. The critical angle also limits the numerical aperture of mirror optics and capillaries [8] . Bergemann et al. believe that the same limitations to focusing hold for all x-ray optics, limiting the focal size to slightly below 10 nm [7, 9] .
First introduced in 1996 [10] , refractive x-ray lenses have quickly advanced to an efficient tool in x-ray microscopy and microanalysis [11, 12] . In these optics, the weak refraction of hard x rays in matter is compensated by stacking behind each other a large number of strongly curved individual lenses to form a lens assembly, in which the beam is gradually focused. Nanofocusing refractive xray lenses (NFLs) currently generate microbeams with a lateral size of about 100 nm [5] . The minimal spot size achievable with these optics lies below 20 nm and is limited by a maximal numerical aperture of NA 2 p that is the same as for waveguides [7] . It is limited by the constant refractive power per unit length inside the NFL with constant aperture.
In this Letter, we consider a refractive x-ray lens that can overcome this limit by gradually (adiabatically) following with its aperture the size of the beam as it converges to the focus. In this way, the refractive power per unit length increases inside the lens toward its exit approaching a singularity. The resulting numerical aperture can exceed 2 p , allowing one to focus hard x rays down to 2 nm. While this is not a hard physical limit, it seems difficult to improve the focal size down to atomic dimensions by this scheme. In the following, we derive the properties of these adiabatically focusing lenses (AFLs) and verify them numerically by wave propagation. The lens design proposed in this Letter is shown in Fig. 1 . A large number of thin lenses (numbered by the index j) is stacked behind each other along a common optical axis as for previous refractive lens designs. To avoid spherical aberration, each individual lens is shaped aspherically. In paraxial approximation, the parabolic shape is ideal, as each individual lens is thin compared to its focal distance f j R j =2. Here, R j is the radius of curvature at the apex of the lens. For a parabolic lens, it is related to other parameters, such as its length l j , aperture R 0j , and minimal thickness d j by l j ÿ d j R 2 0j =R j (cf. Fig. 1 ). As a result, the refractive power per length of the lens is
growing with decreasing aperture R 0j . In order to obtain the optimal refractive power for each individual lens in the stack, its aperture R 0j is set to the local beam size, following the converging wave field adiabatically to the focus as long as possible. To find the aperture R 0j as a function of position along the optical axis, we make use of ray optics.
As the number N of lenses is large and the refraction from each lens is small, the path of a ray rz inside the lens assembly can be described by the second order differential equation,
that is derived from the transfer matrix formalism [13] in the continuum limit. Equation (2) holds for each ray, in particular, for the outermost ray R 0 z that defines the aperture of the optic as a function of position along the optical axis (cf. Fig. 1 ). By inserting Eq. (1) into Eq. (2), the differential equation for the aperture R 0 z is obtained: R 00 0 ÿ2 0 =R 0 . Here, 0 1 ÿ d j =l j , assuming d j =l j to be the same for all individual lenses. The first integral of this second order differential equation is 1 2 R 0 0 2 2 0 logR 0 E, where E is a constant determined by the initial conditions. For a parallel beam incident on the first lens, the initial conditions are R 0 0 R 0i and R 0 0 0 0 (cf. Fig. 1 ), yielding the first order differential equation Figure 1 shows the course of R 0 z as a solution of Eq. (3). For a given exit aperture R 0f , the lens properties can be calculated, such as focal distance, position, and effective as well as numerical aperture. The focal distance f and secondary principal plane H are (see Fig. 1 )
Here, H is measured from the exit of the lens. Integration of Eq. (3) yields the overall length L R 0i
of the lens, approximately independent of R 0f for R 0f R 0i . Taking the attenuation inside the lens material into account, the effective aperture D eff of the lens system can be calculated in analogy to that of a thin refractive x-ray lens [12] and is given by
where 0 1 ÿ d j =l j and is the linear attenuation coefficient. Using Eqs. (4) and (5), the numerical aperture NA D eff =2f for a distant source is
where a 4 0 p p 0 is a material specific characteristic aperture shown in Fig. 2 for different materials. A larger a yields a larger numerical aperture, favoring materials with low atomic number Z. In addition, the numerical aperture is proportional to 0 p , favoring lens materials with large mass density . The largest numerical apertures are therefore expected for high density low Z materials, such as diamond.
NA grows with increasing ratio R 0i =R 0f (cf. Fig. 1 ). R 0f should thus be chosen as small as possible. It is limited by nanofabrication techniques and ultimately by the granular (atomic) structure of matter. For the following considerations, we choose R 0f large compared to interatomic distances, e.g., R 0f 50 nm. The entrance radius R 0i can be 
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054802-2 chosen independently of the other parameters. For a given ratio of a and R 0f , Eq. (6) has a maximum as a function of R 0i . In the following, R 0i is chosen to yield optimal NA.
The full width at half maximum (FWHM) Airy disc size (diffraction limit) is given by [12] 
where is the x-ray wavelength. As is proportional to 2 [14] , the diffraction limit is nearly independent of the x-ray energy.
To verify the calculations made above, the wave propagation through an adiabatic refractive lens was determined numerically. Within the Fresnel-Kirchhoff approximation [15] , the one-dimensional focusing with an adiabatic lens was calculated. The lens is illuminated by x rays from a distant point source, defining the wave field at the entrance of the lens. This wave field is then propagated step by step through each individual lens of the AFL. Each of these individual lenses is assumed thin, and is modeled by free propagation of the incident wave field to its center (over a distance l j =2), multiplication with its complex transmission function, and propagation of the resulting wave field to its end (over the distance l j =2). Figure 3(a) shows the intensity distribution of the wave field inside a diamond lens for an x-ray energy of E 27:6 keV (R 0i 9:43 m, R 0f 50 nm, R j =l j 0:25, d j =l j 5%). This lens is composed of N 1166 single lenses, the smallest of which has a diameter of 100 nm, a length l N 100 nm, d j 5 nm, and a radius of curvature of R N 25 nm. Although it is difficult to fabricate such a lens with present day technology, this example illustrates the potential of adiabatic focusing. Figure 3(b) shows the intensity distribution behind the lens around the focal point. In the focal plane at about 11:6 m behind the lens, a beam size of d t 4:74 nm (FWHM) is determined, compared to the value of 4:26 nm calculated with Eq. (7). This optic has a numerical aperture NA 4:0 10
ÿ3 that is about 3 times larger than the value 2 p 1:38 10 ÿ3 . For comparison, the optimal focus of a diamond nanofocusing lens [5] with constant aperture (N 200, R 1:31 m, R 0 7:2 m, l 42 m) is shown in Fig. 3(c) . It has a lateral size of 14:2 nm that corresponds to a numerical aperture 1:27 10 ÿ3 . Leaving all other parameters unchanged, the aperture of these lenses can be increased by a kinoform lens design as shown in Fig. 4(a) [12, 16] . It yields a significant increase in aperture growing with the square root of the number of lens segments. Figure 4(a) shows the intensity distribution inside a kinoform lens with five segments for an x-ray wave front coming from a distant point source. At the border between two segments, the wave front is distorted and fringes are formed. However, as the borders of the segments follow the contracting beam adiabatically, the resulting disturbance is minimal. The intensity distribution behind the lens is depicted in Fig. 4(b) . A focus with a lateral size of 2:21 nm is obtained at the distance of 11:6 m behind the lens. Figure 5 shows the beam profiles at the focal position obtained by wave propagation for a NFL, an AFL, and two kinoform AFLs with three (AFL k3 ) and five (AFL k5 ) segments, respectively. The intensity is normalized to that incident on the lens, giving the gain for one-dimensional focusing. For the AFL with one segment, more than 90% of the transmitted radiation is focused. The segment boundaries of the kinoform lens introduce disturbances in the wave field. As a consequence, only about 51% of the transmitted radiation is focused. In both cases, Compton scattered photons add to the background. To test the tolerance of nanometer focusing to shape errors, the thickness of each lens was modulated by a distortion A j cos=R 0j r. For A j up to 10% of l j , no significant deterioration of the focus was observed. This alleviates the requirements for the fabrication of these optics. We are currently developing fabrication techniques for one-dimensionally focusing lenses.
The efficient use of adiabatically focusing lenses requires the high brilliance of a modern synchrotron radiation source. As an example for focusing of an extended source, we consider the performance of the optic for 20 keV x rays at L 1 47 m from a low-undulator source at the European Synchrotron Radiation Facility (ESRF) in Grenoble, France. This source has an effective lateral size of 125 m 60 m (FWHM). For a twodimensionally focusing diamond lens, a focal spot size of 5:8 4:7 nm 2 would be expected, compared to the diffraction limited spot size of 4:3 nm. The intensity gain in this geometry would be about 7 10 6 , with of the order of 10 9 ph=s in the focus. As the focal distance of AFLs is extremely short, e.g., f 1:6 mm, demagnifications of the order of 10 4 are possible even at short beam lines.
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